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Conics, Quadrics and Quadratic Complexes

e Quadratic Complexes are polyhedra with faces embedded on quadrics
and conics as edges.
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Conics, Quadrics and Quadratic Complexes

e Quadratic Complexes are polyhedra with faces embedded on quadrics
and conics as edges.

e A quadric is given by an algebraic equation of degree 2:
[x € R’|x'"Ax +2a'x + ay = 0},

for a vector a € R® and symmetric matrix A € R>*3.
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Conics, Quadrics and Quadratic Complexes

e Quadratic Complexes are polyhedra with faces embedded on quadrics
and conics as edges.

e A quadric is given by an algebraic equation of degree 2:
[x € R’|x'"Ax +2a'x + ay = 0},

for a vector a € R® and symmetric matrix A € R>*3.

e A conic is explicitly given as the following point set:
PpeRp = c+r(t)u+s(t)v},

where (1,s) € {(cos, sin), (cosh, sinh), (id, id?), (id,0)} and u,v € R?
with u'v = 0.
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Examples of Quadrics
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Examples of Quadratic Complexes in CAD

Fileting
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Examples of Quadratic Complexes in CAD
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Some Limitations

e Typical CAD-operations on circular profile curves lead to torus patches:

5 =

Revolving Tubing
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Some Limitations

e Typical CAD-operations on circular profile curves lead to torus patches:

5 =

Revolving Tubing

e The class of quadratic complexes is not closed under BOOLEAN-

operations:

Union (same radii) Union (different radii)
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Extended Quadratic Complexes

Due to these limitations one has to think about extending the class of
quadratic complexes:
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Extended Quadratic Complexes

Due to these limitations one has to think about extending the class of
quadratic complexes:

e Geometrical embedding of faces on torus surfaces,
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Extended Quadratic Complexes

Due to these limitations one has to think about extending the class of
quadratic complexes:

e Geometrical embedding of faces on torus surfaces,
e Approximation of non-conic intersection curves by

— CONic arcs or

— nurbs curves,
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Extended Quadratic Complexes

Due to these limitations one has to think about extending the class of
quadratic complexes:

e Geometrical embedding of faces on torus surfaces,
e Approximation of non-conic intersection curves by

— CONic arcs or

— nurbs curves,

e Representation of non-conic intersection curves by their exact
parameterization.

Max-Planck-Institut fiir Informatik Christian Lennerz



Classification of Quadrics by Normal Forms

From the implicit representation of a general quadric, we can derive the
following normal forms by applying coordinate transformations:

Central Surfaces: det(A) # 0

EllipSOid / — O O
Hyperboloids & G 7
Cone a=0 aq,=0

Non-Central Surfaces: det(A) =0
Paraboloids A; =0 az; #0 ay=0

Elliptic / Hyperbolic A; =0 a=0 a #0
Cylinder

Parabolic Cylinder || Aj =A;=0 a;#0 a,=0
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Examples of Quadrics in Normal Form

Central Surfaces:

Example 1 (Ellipsoid) An ellipsoid in normal form is given as:

1/v2 0 0
X'Ax+a, =0, with A=| 0 1/2 0 |, a=—1.
0 0 1/1
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Examples of Quadrics in Normal Form

Central Surfaces:

Example 1 (Ellipsoid) An ellipsoid in normal form is given as:

1/v2 0 0
X'Ax+a, =0, with A=| 0 1/2 0 |, a=—1.
0 0 1/1

Non-Central Surfaces:

Example 2 (Elliptic Cylinder) An elliptic cylinder in normal form is given as:

1/r2 0 0
x'Ax +a, = 0, with A = 0 1/r501|, a=-1.
0 0 O
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The Distance Computation Problem

Definition 1 (Distance Computation Problem)

Given two quadratic complexes C;, C,. The distance computation problem
is to determine the global minimum of the distance function d between the
respective point sets, together with a pair of witness points i.e.

(i) the value 8" := 8(Cy, Cy),

(ii) a pair of points (p, q), s.t. 8* = d(p, q),

where d denotes the (quadratic) EUCLIDEAN distance function between two
points or set of points, respectively.
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Closest Points Between Faces

Let f; and f, be disjoint faces of quadratic complexes that are embedded on
the quadratic surfaces Q; and Q;, where

Q; = {x|x'Ax +2a’'x +a, = 0},
Q: == {yly'By+2b'y+b, = 0k

If (p;, P) is a pair of closest points between f; and f,, then either

Max-Planck-Institut fiir Informatik Christian Lennerz



Closest Points Between Faces

Let f; and f, be disjoint faces of quadratic complexes that are embedded on
the quadratic surfaces Q; and Q;, where

Q; = {x|x'Ax +2a’'x +a, = 0},
Q: = {yly'By+2b'y + b, = 0}
If (p;, P) is a pair of closest points between f; and f,, then either

(i) (py, P,) is an extremum of the distance function between Q; and Q, i.e.
there are ¢, 3 € R, «, 3 # 0s.t.

n(p;) =a(p,—p;) n(p) =B — Pa),

where n(p;) denotes the normal of Q; in p;, or

Max-Planck-Institut fiir Informatik Christian Lennerz



Closest Points Between Faces

Let f; and f, be disjoint faces of quadratic complexes that are embedded on
the quadratic surfaces Q; and Q;, where

Q; = {x|x'Ax +2a’'x +a, = 0},
Q: = {yly'By+2b'y + b, = 0}
If (p;, P) is a pair of closest points between f; and f,, then either

(i) (py, P,) is an extremum of the distance function between Q; and Q, i.e.
there are ¢, 3 € R, «, 3 # 0s.t.

np) =ap,—p)  np) =B(P;—P,),
where n(p;) denotes the normal of Q; in p;, or

(ii) p; or P, lies on the boundary of the face f; or f;, respectively.
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Distance Between Quadric Patches (Case I)
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Distance Between Quadric Patches (Case I)
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Distance Between Quadric Patches (Case I)

Embedding
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Distance Between Quadric Patches (Case I)

Embedding
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Distance Between Quadric Patches (Case II)
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Distance Between Quadric Patches (Case II)

Embedding
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Distance Between Quadric Patches (Case II)

Embedding
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Distance Between Quadric Patches (Case II)

Embedding
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A Generic Algorithm

ENTITYDISTANCE(Eq, E,)

1)
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A Generic Algorithm

ENTITYDISTANCE(Eq, E,)

(1) [isDisjoint, (p;, p,)| « INTERSECT(E;, E;)
(2) if isDisjoint = false

(3) return |0, (p;,P,)]
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A Generic Algorithm

ENTITYDISTANCE(Eq, E,)

(1) [isDisjoint, (p;, p,)| « INTERSECT(E;, E;)
(2) if isDisjoint = false

(3) return |0, (p;,P,)]

(4) 6@ — OO

(5) while (8, (q;,q,)| « EXTREMA(E4, E;)

(6) if (q, € Ey)and (q; € E;)

7)  if& < g

(8) og 6, (P1,P2) « (dy, ;)
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A Generic Algorithm

ENTITYDISTANCE(Eq, E,)

(1) [isDisjoint, (p;, p,)| « INTERSECT(E;, E;)
(2) if isDisjoint = false

(3) return |0, (p;,P,)]

(4) 6@ — OO

(5) while (8, (q;,q,)| « EXTREMA(E4, E;)
(6) if (q, € Ey)and (q; € E;)

7)  if& < g

(8) og 6, (P1,P2) « (dy, ;)

(9) foreach subentity E of E;

(10) [, (qy,d,)| « ENTITYDISTANCE(E, E;)
(11) i < d¢

(12) b <6, (P1,P2) < (dy,4;)
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A Generic Algorithm

ENTITYDISTANCE(Eq, E,)

(1) [isDisjoint, (p;, p,)| « INTERSECT(E;, E;)
(2) if isDisjoint = false

(3) return |0, (p;,P,)]

(4) 6@ — OO

(5) while (8, (q;,q,)| « EXTREMA(E4, E;)
(6) if (q, € Ey)and (q; € E;)

7)  ifd < b

(8) og 6, (P1,P2) « (dy, ;)

(9) foreach subentity E of E;

(10) [, (qy,d,)| « ENTITYDISTANCE(E, E;)
(11) if & < 8¢

(12) b <6, (P1,P2) < (dy,4;)

(13) foreach subentity E of E;

(14) [6,(q;,d,)| « ENTITYDISTANCE(E, E)
(15) ifd < 8¢

(16) 6 — 6, (P1,P2) « (dy,4,)
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A Generic Algorithm

ENTITYDISTANCE(Eq, E,)

(1) [isDisjoint, (p;, p,)| « INTERSECT(E;, E;)
(2) if isDisjoint = false

(3) return |0, (p;,P,)]

(4) 6@ — OO

(5) while (8, (q;,q,)| « EXTREMA(E4, E;)
(6) if (q, € Ey)and (q; € E;)

7)  if& < g

(8) og 6, (P1,P2) « (dy, ;)

(9) foreach subentity E of E;

(10) [, (qy,d,)| « ENTITYDISTANCE(E, E;)
(11) i < d¢

(12) 6g <0, (P1,P2) « (d1,4,)

(13) foreach subentity E of E;

(14) [6,(q;,d,)| « ENTITYDISTANCE(E, E)
(15) ifd < 8¢

(16) 6 — 6, (P1,P2) « (dy,42)
(17)return (8¢, (Py, P,)]
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Degree Complexity of the Polynomial Systems

Theorem 1 (General Quadratic Complexes)
e The distance between two faces of quadratic complexes can be computed
by solving systems of univariate and bivariate polynomials in which the

degree of every variable is at most 6.

e These systems can be solved by finding the roots of univariate polynomi-
als of a degree of at most 24.
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Degree Complexity of the Polynomial Systems

Theorem 1 (General Quadratic Complexes)
e The distance between two faces of quadratic complexes can be computed
by solving systems of univariate and bivariate polynomials in which the
degree of every variable is at most 6.

e These systems can be solved by finding the roots of univariate polynomi-
als of a degree of at most 24.

Theorem 2 (Natural Quadratic Complexes)

The distance between two faces embedded on natural quadrics and trimmed
by natural conics can be computed by solving univariate polynomials of a
degree of at most 8.
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Degree Complexity of the Polynomial Systems

Theorem 1 (General Quadratic Complexes)
e The distance between two faces of quadratic complexes can be computed
by solving systems of univariate and bivariate polynomials in which the
degree of every variable is at most 6.

e These systems can be solved by finding the roots of univariate polynomi-
als of a degree of at most 24.

Theorem 2 (Natural Quadratic Complexes)

The distance between two faces embedded on natural quadrics and trimmed
by natural conics can be computed by solving univariate polynomials of a
degree of at most 8.

Remark 1 (Torus)
If one extends the classes by the torus, the results remain valid. The distance
to any other surface or curve can be computed by considering its main circle.
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Overview of the Approach

AT Lagrange- Elimination \ \ Geometrical, Univariate
Point-Surface formalism: Theory: Algebraical
Curve-Curve Deriving Reducing to Insight: Polynomials
Curve-Surface univariate / univariate AT

bivariate resultant Rk to solve
Surface-Surface systems polynomial
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The Point-Surface Case

The LAGRANGE-formalism for the point-surface problem, gives:

Lix;o) = (x —p)* + alx'Ax +2a'x + ao),
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The Point-Surface Case

The LAGRANGE-formalism for the point-surface problem, gives:

Lix;o) = (x —p)* + alx'Ax +2a'x + ao),

(1) aé((') =0 & «(Ax+a)=p—x,
(i1) %:O — x'Ax+2a'x +a,=0.
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The Point-Surface Case

The LAGRANGE-formalism for the point-surface problem, gives:

Lix;o) = (x —p)* + alx'Ax +2a'x + ao),

(1) aé((') =0 & «(Ax+a)=p—x,
(i1) %:O — x'Ax+2a'x +a,=0.

From the first LAGRANGE-condition, we can derive:

x = (E+aA) ' (p—aa) = Djpw
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The Point-Surface Case

The LAGRANGE-formalism for the point-surface problem, gives:

Lix;o) = (x —p)* + alx'Ax +2a'x + ao),

0L(.

(1) §i)20@a(Ax+a):p—x,
0L(.

(i1) %:O — x'Ax+2a'x +a,=0.

From the first LAGRANGE-condition, we can derive:
x = (E4+aA) ' (p—aa) = Djpw
Substituting x in the second equation gives the univariate system:

f(a) = pIDADGp, +2a'Dyp,aD,| + ap|Dy* = 0

- )

where D, denotes the adjoint and |D,| the determinant of D.
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Degree Complexity

If we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + «A; and

e the i-th component of p, by pai, i.e. Pui := pi — xa,
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Degree Complexity

If we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + «A; and
e the i-th component of p, by pai, i.e. Pui := pi — xa,

then the equation f(«) = 0 can be written as:

floe) = Api,did; + A,pi,dids + Aspi,did; + apdidids +
2(apadidid; + a;pedidad; + azpezdidids) = 0
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Degree Complexity

If we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + aA; and
e the i-th component of p, by pai, i.e. Pui := pi — X,

then the equation f(«) = 0 can be written as:

flo) = Al didi+ Ampladids + Asplsdid] + aodidid] +
2(aipadidid; + aypedidyd; + aspasdidid;) = 0
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Degree Complexity

If we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + «A; and
e the i-th component of p, by pai, i.e. Pui := pi — xa,

then the equation f(«) = 0 can be written as:

floe) = Aipi,did; + A,pi,dids + Azpl,did; + apdidids +
2(apadidid; + a;pedidad; + azpezdidids) = 0

Example 3 (Point vs Central Surface) For ellipsoids and hyperboloid we have:
a=0 = p,=p and
flo) = Apidid? + Apidid? + Aspldid: + aod?did? = O.
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Degree Complexity

If we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + «A; and
e the i-th component of p, by pai, i.e. Pui := pi — xa,

then the equation f(«) = 0 can be written as:

floe) = Aipi,did; + A,pi,dids + Azpl,did; + apdidids +
2(apadidid; + a;pedidad; + azpezdidids) = 0

Example 3 (Point vs Central Surface) For ellipsoids and hyperboloid we have:
a=0 = p,=p and
f(a) = Apid;d; + Aypsdid; + Aspsdids + apdjd;d; = 0. deg(f) = 6
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Summary: Point-Surface-Case

Point - Central Surface

Ellipsoid Hyperboloids Cone
6 6 4
Point - Non-Central Surface

. Elliptic / Hyperbolic | Parabolic
Paraboloid p yp
ArADOIOITs Cylinder Cylinder
5 4 3
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The Curve-Surface Case

Substituting p by the explicit representation of a conic, i.e.

P: p(t) = c+r(t)hu+s(t)v,
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The Curve-Surface Case

Substituting p by the explicit representation of a conic, i.e.
Poop(t) = c+rtju+s(t)y,

gives now three LAGRANGE-conditions:

(1) ag)((') =0 < «flAx+a) =p—x,
(i1) % =0 < x'Ax+2a'x+a =0,
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The Curve-Surface Case

Substituting p by the explicit representation of a conic, i.e.
Poop(t) = c+rtju+s(t)y,

gives now three LAGRANGE-conditions:

(i1) % =0 < x'Ax+2a'x+a, =0,
o0L(.) B 10p
(1ii) Yol 0 & (x—p) 3t = 0.
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The Curve-Surface Case

Substituting p by the explicit representation of a conic, i.e.
Poop(t) = c+rtju+s(t)y,

gives now three LAGRANGE-conditions:

(1) %}E) =0 & oalAx+a) = p—x,
(i1) % =0 < x'Ax+2a'x+a =0,
... OL() 10p
(ii1) ot 0 & (x—p) FY = 0.

and in contrast to the point-surface case a bivariate system of equations:
floa,t) = paDADuP, +2a'Dyp,a/Dyl + aolD,* = 0,
ap
9(x,t) = (Dapy—IDelp) 5= = 0.
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Degree Complexity

Again, we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + «A; and

e the i-th component of p, by pai, i.e. Pui := pi — xa,
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Degree Complexity

Again, we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + «A; and
e the i-th component of p, by pai, i.e. Pui := pi — xa,

such that the system f(«,t) = g(«, t) = 0 can be written as:

flo,t) = Api dids+ Appl,dids + Aspidids + apd?dids +
2(apoadidids + a;psdidads + aspasdidids) = 0

glo, t) = (Aypr + a1)pidad; + (Aps + ap)pydids +
(Asps + a3)p;did, = 0,

with p’ := % and p = ¢+ r(t)u + s(t)v.
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Degree Complexity

Again, we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + aA; and
e the i-th component of p, by pai, i.e. Pui := pi — X,

such that the system f(«,t) = g(«,t) = 0 can be written as:

flo,t) = Api didi+ Apl,dids + Aspidids + apd?dids +
2(apoadidids + a;psdid,ds + aspasdidids) = 0

glo, t) = (Aypr + a1)pidad; + (Aps + az)pydids +
(Asps + a3)p;did, = 0,

with p’ := % and p = ¢+ r(t)u + s(t)v.
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Degree Complexity

Again, we denote
e the i-th diagonal element of D, by d;, i.e. d; := 1 + aA; and
e the i-th component of p, by p,i, i.€. Pui := Ppi — xay,

such that the system f(«,t) = g(«,t) = 0 can be written as:

flo,t) = Aypl did+ Appl,dids + Aspiidids + apd?dids +
2(a1pard; dﬁdé + azpazd%dzdg + azp,sdidid;) = 0

glo, t) = (Aypr + a1)pidad; + (Aps + ap)prdids +
(Asps + a3)pidid; = 0,

with p’ := % and p = ¢+ r(t)u + s(t)v.
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Example: Ellipse vs Ellipsoid
In the case of ellipsoids our system simplifies to
flont) = Apidyd; + Apidid; + Aspsdid; + aodidids =0,
gla,t) = Aipipidads + Agpopsdids + Aspspidid, = 0.
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Example: Ellipse vs Ellipsoid
In the case of ellipsoids our system simplifies to
fla,t) = Aypidyds + Azpydids + Aspsdid; + agdydyds =0,
g(x,t) = Aypipidads + Asprpsdids + Aspspsdid, = 0.
For P being an ellipse we have to use a rational parameterization:

1—+t? 2t , 2 [1-—+° 2t
u+ p'(t) :

t = = _
p(t) C+1+ﬂ Luﬂ 1+ﬁ‘H¢ﬂ 1+ﬂu
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Example: Ellipse vs Ellipsoid
In the case of ellipsoids our system simplifies to
fla,t) = Aypidyds + Azpydids + Aspsdid; + agdydyds =0,
g(x,t) = Aypipidads + Asprpsdids + Aspspsdid, = 0.
For P being an ellipse we have to use a rational parameterization:

1—+t? 2t , 2 [1-—+° 2t
u -+ v  pt):

t) = = —
p(t) C+LH2 1+ t2 14+ 12 Luﬂ 1+ﬂu

and finally eliminate the denominators:
flayt) = Arqidyd; + Axqzdids + Asqsdid; + aodidyds(1 + )7 =0,
glo,t) = Asqiqidads + Azdxd;dids + Azqsqsdid; =0,
withq(t):=c+ (T -t )u+2tv and q'(t) :=c—2tu+ (1 —t*)v.
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Example: Ellipse vs Ellipsoid
In the case of ellipsoids our system simplifies to
fla,t) = Aypidyds + Azpydids + Aspsdid; + agdydyds =0,
g(x,t) = Aypipidads + Asprpsdids + Aspspsdid, = 0.
For P being an ellipse we have to use a rational parameterization:

1—t? 2t , 2 [1-—+° 2t
u+ v pt):

t = = _
p(t) C+LH2 1+ t2 1+ 12 LHW 1+ﬂu

and finally eliminate the denominators:
flayt) = Arqidyd; + Axqzdids + Asqsdid) + aedidyds(1 + )7 =0,
glo,t) = Asqiqidads + Azdpd;dids + Azqsqsdid; =0,
withq(t):=c+ (T -t )u+2tv and q'(t) :=c—2tu+ (1 —t*)v.
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Example: Ellipse vs Ellipsoid
In the case of ellipsoids our system simplifies to
fla,t) = Aypidyds + Azpydids + Aspsdid; + agdydyds =0,
g(x,t) = Aypipidads + Asprpsdids + Aspspsdid, = 0.
For P being an ellipse we have to use a rational parameterization:

1—t? 2t , 2 [1-—+° 2t
u+ v pt):

t = = _
p(t) C+LH2 1+ t2 1+ 12 LHW 1+ﬂu

and finally eliminate the denominators:
flo,t) = Ajqidid? + Ayqidid? + Asqidid + apd?d2d2(1 + t9)? =0,
gle,t) = Aiqiqidads + Axqaqydids + Azqsqidida = 0,
withq(t):=c+ (1 -t )u+2tv and q'(t) :=c—2tu+ (1 —t*)v.
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Example: Ellipse vs Ellipsoid
In the case of ellipsoids our system simplifies to
fla,t) = Aypidyds + Azpydids + Aspsdid; + agdydyds =0,
gla,t) = Aipipidads + Agpopsdids + Aspspidid, = 0.
For P being an ellipse we have to use a rational parameterization:

1—t? 2t , 2 [1-—+° 2t
u+ v pt):

t = = _
p(t) °+LH2 1+ t2 1+ 12 LHW 1+ﬂu

and finally eliminate the denominators:
fla,t) = Arqidyd; + Axqzdids + Asqsdid; + aodidyds(1 + )7 =0,
glo,t) = Asqiqidads + Azdpd;dids + Azqsqsdid; =0,
withq(t):=c+ (1 =t )u+2tv and q'(t):=c—2tu+ (1 —t?)v.

Problem: The degree of the Res(f, g) is 32 (Mixed-Volume Bound).
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Factorization of the Resultant Polynomial (I)

Proposition 1 (The Case of Central Surfaces)
Letf = g = 0 be our system of equations, i.e.

fo,t) = Aypidid; + Asprdids + Aspidid) + apdidid; = O,
gle,t) = Apipidads + Aypapirdids + Aspspidids = 0,
and let «; denote the root of d;,1 = 1,2, 3. Then the following holds:
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Factorization of the Resultant Polynomial (I)

Proposition 1 (The Case of Central Surfaces)
Letf = g = 0 be our system of equations, i.e.

fo,t) = Aypidid; + Asprdids + Aspidid) + apdidid; = O,
g(e,t) = Aypipidads + Aypop,dids + Aspspidid, = 0,

and let «; denote the root of d;,1 = 1,2, 3. Then the following holds:

(i) The pair (a4, t;) is a solution of the bivariate system for every t; solving
the equationp; =0,1=1,2,3.
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Factorization of the Resultant Polynomial (I)

Proposition 1 (The Case of Central Surfaces)
Letf = g = 0 be our system of equations, i.e.

fo,t) = Aypidid; + Asprdids + Aspidid) + apdidid; = O,
g(e,t) = Aypipidads + Aypop,dids + Aspspidid, = 0,

and let «; denote the root of d;,1 = 1,2, 3. Then the following holds:

(i) The pair (a4, t;) is a solution of the bivariate system for every t; solving
the equationp; =0,1=1,2,3.

(ii) If the curve is not a line, then every «; is a root of multiplicity 4 in
Res(f, g,t), whereas every t; has multiplicity 2 in Res(f, g, «).

Max-Planck-Institut fiir Informatik Christian Lennerz



Factorization of the Resultant Polynomial (I)

Proposition 1 (The Case of Central Surfaces)
Letf = g = 0 be our system of equations, i.e.

fo,t) = Aypidid; + Asprdids + Aspidid) + apdidid; = O,
g(e,t) = Aypipidads + Aypop,dids + Aspspidid, = 0,

and let «; denote the root of d;,1 = 1,2, 3. Then the following holds:

(i) The pair (a4, t;) is a solution of the bivariate system for every t; solving
the equationp; =0,1=1,2,3.

(ii) If the curve is not a line, then every «; is a root of multiplicity 4 in
Res(f, g,t), whereas every t; has multiplicity 2 in Res(f, g, «).

(iii) If the curve is a line, then every «; and t; (which is now unique) is a root
of multiplicity 2 in Res(f, g, t) and Res(f, g, «) respectively.

Max-Planck-Institut fiir Informatik Christian Lennerz



Factorization of the Resultant Polynomial (II)

Corollary 1 (Degree Complexity in the Case of Central Surfaces)
If the curve is not a line, the Resultant Polynomial can be written as the fol-

lowing product:
3

Res(f,g,t) = h“H d?

R@S(f, g, (X) — hthl

ho | [ (& — o),

o
w w
LR

he | [t —ta)*(t — t)”

i=1

where h,, and h, are univariate polynomials of degree at most 20.
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Factorization of the Resultant Polynomial (II)

Corollary 1 (Degree Complexity in the Case of Central Surfaces)
If the curve is not a line, the Resultant Polynomial can be written as the fol-

lowing product:

Res(f,g,t) = ho] [dl = o] Jla— o),

o
w w
—

R@S(f,g,(X) — h’th% — h’t (t_tﬂ)z(t_tﬁ)z'

i=1 i=1
where h,, and h, are univariate polynomials of degree at most 20.

Remark 2 (The Case of Non-Central Surfaces)
An analogous result can be found for non-central surfaces. However, in this

case there are only two d; # 0, (1 = 1,2) and consequently only two «
dividing Res(f, g, t).
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Summary: Curve - Surface Case

Curve - Central Surface
Ellipsoid Hyperboloids Cone
Ellipse 20 20 12
Hyperbola 20 20 12
Parabola 14 14 8
Line 4 4 2
Curve - Non-Central Surface
Paraboloids | Elliptical / Hyperbolical | Parabolical
Cylinder Cylinder
Ellipse 16 12 8
Hyperbola 16 12 8
Parabola 11 8 5
Line 3 2 1

Max-Planck-Institut fiir Informatik

Christian Lennerz



The Surface-Surface Case

By setting up the LAGRANGE formalism for the problem

min(x_y)2> XEQHUGQZ
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The Surface-Surface Case

By setting up the LAGRANGE formalism for the problem
min (x —y)*, x€Q;,ye€Q,
we get the LAGRANGE function £ and conditions (1), ..., (iv):
Lx,y;x,p) = (x—y)* + a(x’'Ax + 2a'x + a)
+B(y"By +2b'y + by)
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The Surface-Surface Case

By setting up the LAGRANGE formalism for the problem
min(x_y)2> XEQHUGQZ
we get the LAGRANGE function £ and conditions (1), ..., (iv):

Lx,y;0,B) = (x—y)*+ a(x'Ax + 2a'x + a)
+B(y™By +2b'y + by)

(i)a% -0 & ofAx+a)=y—x
(ii)a% =0 & pA(By+b)=x—1y
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The Surface-Surface Case

By setting up the LAGRANGE formalism for the problem
min(x_y)2> XEQHUGQZ
we get the LAGRANGE function £ and conditions (1), ..., (iv):

Lx,y;0,B) = (x—y)*+ a(x'Ax + 2a'x + a)
+B(y™By +2b'y + by)

(1) a%) -0 & ofAx+a)=y—x
(ii)a% =0 & pA(By+b)=x—1y
(ii1) a% =0 < x'Ax+2a'x+a,=0
(iv) a% =0 & yYBy+2b'y+b,=0
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Solving the Lagrange System

By setting A := 1/ and 1 := 1/f3 we can derive from (i) and (i1):

x = —(BA+AB+uA) ' (Ba+Ab + pa) =: —gA’”cB,
A
é—r
y = —(AB+AB + pA)'(Ab +Ab + pa) = —‘CML‘CA,
Ap

where C, , and |C, .| are (matrix) polynomials in A and .
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Solving the Lagrange System

By setting A := 1/ and 1 := 1/f3 we can derive from (i) and (i1):

x = —(BA+AB+uA) ' (Ba+Ab + pa) =: —gA’”cB,
A
T
_ —1 _. C7\,u
y = —(AB+AB+uA) ' (Ab+Ab + ua) = ~ic ‘CA,
Ap

where C, , and |C, .| are (matrix) polynomials in A and .

Substituting x and y in (iii) and (iv) and multiplying my the denomi-
nator, gives the system:

—T — —
f(A> H) — C-BFC}\,HACA,uCB _ 2|C)\,u|aTC7\,pCB + O—O‘CA,LJZ — Oa

— —T —T
9(7\> H) — C-/r\C?\,uBC)\)uCA - 2|C)\,u|bTC)\,uCA —|_ bO|C?\,u‘2 — O)
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The Inverse of C)

Lemma 1
The adjoint and determinant of C, , = BA + AB + pA is given by

Cr. = BN+ AW + TABA+ AT+ (TgTa — Tag)An + A B,
[Crul = BIN + AW’ + [Bltr(A)N* + |Altr(B)p” +
IB|tr(A)A + |A|tr(B)pn + tr(BA)A 1 + tr(AB)Ap? +
(tr(K)tr(E) — tr(KE))Au + |A||B],

where Ty, := tr(M)E — M for a matrix M € R>*3.
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The Inverse of C)

Lemma 1
The adjoint and determinant of C, , = BA + AB + pA is given by

Cr. = BN+ AW + TABA+ AT+ (TgTa — Tag)An + A B,
[Crul = BIN + AW’ + [Bltr(A)N* + |Altr(B)p” +
IB|tr(A)A + |A|tr(B)pn + tr(BA)A 1 + tr(AB)Ap? +
(tr(K)tr(E) — tr(KE))Au + |A||B],

where Ty, := tr(M)E — M for a matrix M € R>*3.

Proposition 2 (Bivariate Degree Complexity)
The polynomials f and g have degree 6 in A as well as .

Moreover the total degree of f and g is also 6.
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The Inverse of C)

Lemma 1
The adjoint and determinant of C, , = BA + AB + pA is given by

Cr. = BN+ AW + TABA+ AT+ (TgTa — Tag)An + A B,
[Crul = BIN + AW’ + [Bltr(A)N* + |Altr(B)p” +
IB|tr(A)A + |A|tr(B)pn + tr(BA)A 1 + tr(AB)Ap? +
(tr(K)tr(E) — tr(KE))Au + |A||B],

where Ty, := tr(M)E — M for a matrix M € R>*3.

Proposition 2 (Bivariate Degree Complexity)
The polynomials f and g have degree 6 in A as well as .
Moreover the total degree of f and g is also 6.

Corollary 2 (BEZOUT)
The degree of the resultant polynomial Res(f, g) is at most 36.
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Factorization of the Resultant Polynomial

Lemma 2
Letf = g = 0 be our system of polynomial equations, i.e.

—T — —
f(A ) = CECA,HACMCB - 2|C)\,ulaTC)\,ucB + ao\CA,dz =0,
P | =T
g(}\a H) — CLCA,LLBC}\,HCA - 2|C7\,u|bTC)\,uCA + bOlch,u‘z — O>
and the system h be defined as follows:
h(}\> H) = (h1>h2>h3)T — E}\,HCB = 0.

Then the common roots of the polynomials 1;; := Res(hi, h;), 1 <1< j <3,
solve Res(f, g) with multiplicity 4.
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Factorization of the Resultant Polynomial

Lemma 2
Letf = g = 0 be our system of polynomial equations, i.e.

—T — —
f(A ) = CECA,HACMCB - 2|C)\,ulaTC)\,ucB + ao\CA,dz =0,
P | =T
g(}\a H) — CLCA,LLBC}\,HCA - 2|C7\,u|bTC)\,uCA + bOlch,u‘z — O>
and the system h be defined as follows:
h(}\> H) = (h1>h2>h3)T — E}\,HCB = 0.

Then the common roots of the polynomials 1;; := Res(hi, h;), 1 <1< j <3,
solve Res(f, g) with multiplicity 4.

Proposition 3 (Degree Complexity)

Let p denote the polynomial given by the common roots of 75, 1 < 1 <
j < 3, and their multiplicities in Res(f, g). Then the remaining polynomial
Res(f, g)/p is of a degree of at most 24.
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Summary: Surface-Surface Case

Central Surfaces Non-Central Surfaces

Hyperboloids| " | Pa0010ids | (i il | tinder
Ellylgzobﬁi 1/ : 24 12 18 12 8
Cone 4 8 4 2
Paraboloids 13 8 5
CF}Jf.li/nI(;Ie.r 4 2

Max-Planck-Institut fiir Informatik Christian Lennerz



The Point-Curve Case

Let the conic Q lie in the x;X;-plane and be centered around the origin, i.e.

Q: qt)=rtlu+s(t)v, u'v=0.
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The Point-Curve Case

Let the conic Q lie in the x;X;-plane and be centered around the origin, i.e.
Q: qt)=ru+s(t)v, u'v=0.

Projecting the query point p onto the same plane yields a 2-D problem:

min(P — r(t)u — s(t)v)2.

t
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The Point-Curve Case

Let the conic Q lie in the x;X;-plane and be centered around the origin, i.e.
Q: qt)=ru+s(t)v, u'v=0.

Projecting the query point p onto the same plane yields a 2-D problem:

min(P — r(t)u — s(t)v)2.

t

Setting the derivative of the distance function equal to zero, gives

f(t) = r()r'(Our +s(t)s' WV —r'(O)p'u—s'(t)p'v =0,

=4 and s’ =4

. /
with r’ = it it
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The Point-Curve Case

Let the conic Q lie in the x;X;-plane and be centered around the origin, i.e.
Q: qt)=ru+s(t)v, u'v=0.

Projecting the query point p onto the same plane yields a 2-D problem:

min(P — r(t)u — s(t)v)2.

t
Setting the derivative of the distance function equal to zero, gives

f(t) = r()r'(Our +s(t)s' WV —r'(O)p'u—s'(t)p'v =0,

=4 and s’ =4

. /
with r’ = it it

Example 4 (Point vs Ellipse) For ellipses we have:

f(t) = pvt' +2[plu— (v —w)[E +2[plu+ (v —u) [ =Py = 0.
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The Curve-Curve Case

Given two conics P and Q, i.e.
P: p(t) = (w4 s1(t)vi,  ujv; =0,
Q: q(t) = o+ m(t)uy+s(tb)vs, uv, =0.

The partial derivatives of *(t;,t,) = (q(t2) — p(t;))? yield the following
system of bivariate equations:

. T 81‘1 681 .
flt ) = laft) — p(u )l |5 = S| = o,
or 0s
ot 1) = [q(tz)—p(mﬂ[ a—juﬁa—tzvz] Y
2 2
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Example: Distance Between Two Ellipses

If P and Q are both ellipses, we can write our conditions as:

fti, ) = (1+t)f(t, t) + (14 ) (),
gt ) = (1+t9)gi(ty) + (1 +t3)ga(t, 1),

where f; and g;, 1 = 1, 2, are polynomials of degrees at most 2 in t; and t,.
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Example: Distance Between Two Ellipses

If P and Q are both ellipses, we can write our conditions as:

fti, ) = (1+t)f(t, t) + (14 ) (),
gt ) = (1+t9)gi(ty) + (1 +t3)ga(t, 1),

where f; and g;, 1 = 1, 2, are polynomials of degrees at most 2 in t; and t,.

Observation 1
Every (&4, &,) € {—i,1}* solves the bivariate system and hence, (1 + t})* is a
factor of Res(f, g, t,).
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Example: Distance Between Two Ellipses

If P and Q are both ellipses, we can write our conditions as:

fti, ) = (1+t)f(t, t) + (14 ) (),
gt ) = (1+t9)gi(ty) + (1 +t3)ga(t, 1),

where f; and g;, 1 = 1, 2, are polynomials of degrees at most 2 in t; and t,.

Observation 1
Every (&4, &,) € {—i,1}* solves the bivariate system and hence, (1 + t})* is a
factor of Res(f, g, t,).

Proposition 4 (Degree Complexity)
The distance between two ellipses can be computed by solving polynomials
of a degree of at most 16.

Proof.
The proposition follows from the fact that the mixed-volume of f and g
bounds the degree of Res(f, g) by 20.
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Summary: Point-Curve and Curve-Curve Cases

Point - Curve and Curve-Curve
Ellipse | Hyperbola | Parabola | Line
Point 4 4 3 1
Ellipse 16 16 12 4
Hyperbola 16 12 4
Parabola 9 3
Line 1
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Natural Conics, Quadrics and the Torus

Natural Conics Natural Quadrics Torus
Point | Line | Circle | Plane | Sphere | C. Cylinder | C. Cone | Torus
Point 1 1 2 1 2 2 2 2
Line 1 4 1 2 2 2 4
Circle 8 2 2 4 8 8
Plane 1 1 1 2 2
Sphere 2 2 2 2
Circular
Cylinder 2 2 4
Circular
Cone 4 8
Torus 8

Max-Planck-Institut fiir Informatik

Christian Lennerz




Natural Conics, Quadrics and the Torus

Natural Conics Natural Quadrics Torus
Point | Line | Circle | Plane | Sphere | C. Cylinder | C. Cone | Torus
Point 1 1 2 1 2 2 2 2
Line 1 4 1 2 2 2 4
Circle 8 2 2 4 8 8
Plane 1 1 1 2 2
Sphere 2 2 2 2
Circular
Cylinder 2 2 4
Circular
Cone 4 8
Torus 8

Remark 3 (Optimality)
It is shown in [Farouki,Neff,O’Connor89] that a degree of 8 is a lower bound
on the degree complexity in the circle-circle case. Hence, it is proved that the
upper bound result is strict for this special class of surfaces.
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