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QuadraticComplexes

QuadraticComplexescanbeconsideredasageneralizationof
polyhedrawithfacesembeddedonquadricsandconicsasedges.

ExamplesofQuadraticSurfaces:

–10–5510

x2

–10

–5

5

10

x1

–10

–5

5

10

x2
–10 –5 5 10

x1

–10

–5

5

10

–10
–5

5
10

x2

–10
–5

5
10

x1

–10

–5

5

10

–10
–5

5
10

x2

–10
–5

5
10

x1

–10

–5

5

10

–10
–5

5
10

x2

–10
–5

5
10

x1

–10

–5

5

10

–10
–5

5
10

x2

–10
–5

5
10

x1

–10

–5

5

10
–10

–5

5

10

x2
–10 –5 5 10

x1
–10

–5

5

10 –10

–5

5

10

x2
–10 –5 5 10

x1



ClosestPointsBetweenFaces

LetF1andF2bedisjointfacesofQuadraticComplexesthatare
embeddedonthequadraticsurfacesQ1andQ2,where

Q1:={x∈R
3
|x

T
Ax+a0=0}

Q2:={y∈R
3
|(y−c)

T
B(y−c)+b0=0}.

If(p1,p2)isapairofclosestpointsbetweenF1andF2,theneither

(i)(p1,p2)isanextremumofthequadraticdistancefunction
betweenQ1andQ2i.e.thereareα,β∈R,α,β6=0s.t.

n(p1)=α(p1−p2)n(p2)=β(p2−p1),

wheren(pi)denotesthenormalofQiinpi,or

(ii)p1,orp2liesontheboundaryofthefaceF1orF2,respectively.



Q2

Q1Q1

Q2

Q1∩Q2=∅.Q1∩Q26=∅:case(i).

Q1

Q2

Q1

Q2

Q1∩Q26=∅:case(ii).Preconditonviolated.



ComputingDistanceExtremaintheSurface-SurfaceCase

BysettinguptheLAGRANGEFormalismfortheproblem

minδ(x,y):=‖x−y‖
2

=(x−y)
2
,x∈Q1,y∈Q2

wegettheLAGRANGEFunctionLand-Conditions(i),...,(iv):

L(x,y;α,β)=(x−y)
2

+α(x
T
Ax+a0)+β((y−c)

T
B(y−c)+b0)

(i)∂
L(.)
∂x=0⇐⇒αAx=(y−x)

(ii)∂
L(.)
∂y=0⇐⇒βB(y−c)=(x−y)

(iii)∂
L(.)
∂α=0⇐⇒x

T
Ax+a0=0

(iv)∂
L(.)
∂β=0⇐⇒(y−c)

T
B(y−c)+b0=0



SolvingTheLagrangeSystem

Bysettingλ:=1/αandµ:=1/βwecanderivefrom(i)and(ii):

x=λA
−1

C
−1
λ,µc

y−c=−µB
−1

C
−1
λ,µc,

withCλ,µ:=E+λA
−1

+µB
−1

.

Substitutingxandy−cin(iii)and(iv)wegetthesystem:

f(λ,µ)=λ
2
c

T
adj(Cλ,µ)A

−1
adj(Cλ,µ)c+a0det(Cλ,µ)

2
=0,

g(λ,µ)=µ
2
c

T
adj(Cλ,µ)B

−1
adj(Cλ,µ)c+b0det(Cλ,µ)

2
=0,



TheInverseofCλ,µ

TheinverseofCλ,µ=E+λA
−1

+µB
−1

isgivenby

adj(Cλ,µ)=adj(A
−1

)λ
2

+adj(B
−1

)µ
2

+TAλ+TBµ+

(TATB−TAB)λµ,

det(Cλ,µ)=det(A
−1

)λ
3

+det(B
−1

)µ
3

+

tr(adj(A
−1

))λ
2

+tr(adj(B
−1

))µ
2

+

tr(A
−1

)λ+tr(B
−1

)µ+

tr(adj(A
−1

)B
−1

)λ
2
µ+tr(adj(B

−1
)A

−1
)λµ

2
+

(tr(A
−1

)tr(B
−1

)−tr(A
−1

B
−1

)λµ,

whereTM:=tr(M
−1

)E−M
−1

forthenon-singularmatrixM.



DegreeandMatrixSizeComplexityoftheSystems

ProblemClass#Var.deg(v1)deg(v2)deg(v1,v2)s(M)

Point-Curve1444

Point-Face1666

2426
Curve-Curve

2246
24

26410
Curve-Face

2246
32

2666
Face-Face

2666
72



SolvingaSystemofBivariatePolynomialEquations

Given:Asystemofbivariatepolynomialequations

f(x,y)=0

g(x,y)=0

withpositivedegreesinxandy.

Goal:Computeallcommonrootsoffandg.



ClassificationandPreviousWork

1.Newton-andIntervalNewtonBasedMethods
[Hansen88,Leclerc90,Kearfott90,VanHentenrycketal.95]

2.EliminationMethods

(a)MethodsBasedonGröbnerBasesTheory
[Ratz95]

(b)MethodsBasedonResultantTheory
i.ReductiontoUnivariatePolynomialSolving

[Canny93]

ii.ReductionToComputingEigenvaluesofaMatrix
[Coxetal.91,Manocha94,Stetter95,Emiris97].



NewtonMethodsinDimension2

Advantages:

•Themultivariatesystemissolveddirectly.

•Intervalvariantguarantiesglobalconvergence.

•Reliableresultsguarantiedbyinclusionproperties.

OurExperience:

•ThemethodworksverywellfortheCurve-Curvesystem
RunningTime:≈10msec.

•...butbreaksdownonourSurface-Surfaceformulation.
RunningTime:>30min.



Alternatives

1.ReformulationoftheMultivariateProblem:
IfQ1andQ2aregivenexplicitlythentheconditionsofcase(i)
leadtoasystemofequationsthatisnolongerpolynomial.
RunningTime:≈45msec.

2.SpecialCase:DisjointEllipsoids:
Whenstartingwiththepointswherethelinethroughthe
centersintersectstheellipsoids,aconvexoptimizationmethod
willconvergetotheglobalminimumofdistance.
RunningTime:<0.01msec.



EliminationMethods

Toeliminatethevariablexwewrite

f=
m∑

i=0

ai(y)x
i

g=
n∑

j=0

bj(y)x
j

am,bn6=0,

whereai,0≤i≤m,andbj,0≤j≤n,arepolynomialsiny.

Proposition

Givenf,g∈C[x,y],letam,bn∈C[y]andȳ∈C.If
Res(f,g,x)∈C[y]vanishesatȳ,theneither

(i)amorbnvanishesatȳor

(ii)thereisx̄∈Csuchthatfandgvanishat(x̄,ȳ)∈C
2
.



SamplePointMethod

WehavetofindtherootsofRes(f,g,x)thatisapolynomialof
degreeNiny.

FirstStep:DeterminingthePowerRepresentationofRes(f,g,x):
Thiscanbedoneeitherby

•SymbolicEvaluationofdet(S(f,g,x))usingpolynomial
arithmeticor

•1.NumericalEvaluationofRes(f,g,x)atN+1samplepoints.

2.Computingitscoefficientsbydeterminingtheinterpolating
polynomial.



EvaluatingRes(f,g,x)ataSamplePoint

Given:N+1samplepointsy0...yN.

Goal:ComputeRes(f,g,x)(yk)∈C.

Substitutingyk,0≤k≤N,foryinfandggives:

fk:=f(x,yk)=

m∑

i=0

ak,ix
i

gk:=g(x,yk)=

n∑

j=0

bk,jx
j

ThedeterminantdkoftheSylvesterMatrixSk:=S(fk,gk,x)isthe
desiredevaluationofRes(f,g,x)atthesamplepointyk,i.e.

dk:=det(Sk)=Res(fk,gk,x)(yk),0≤k≤N



DeterminingtheInterpolatingPolynomial

HavingevaluatedRes(f,g,x)atN+1samplepoints,wegetthe
coefficientsci,0≤i≤N,oftheinterpolatingpolynomial

Res(f,g,x)=
N∑

i=0

ciy
i

bysolvingthefollowinglinearVandermodeSystem
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SecondStep:SolvingTheResultantPolynomialRes(f,g,x):

ThecharacteristicpolynomialoftheCompanionMatrix

M:=













010···0

001···0
..
.

..

.
..
.

.....
.

000···1

−
c0

cN−
c1

cN−
c2

cN···−
cN−1

cN













hasexactlythesamerootsasthepolynomialq(y):=
∑N

i=0ciy
i
.



EvaluationoftheSamplePointMethod

•Reallyfast,ifwecouldcomputeindoubleprecision.

•Numericalstabilitydependsonthedistributionofsample
points.

•Toobtaincoefficientsthatareaccurateenoughonehasto
choosethesamplepointsclosetotheactualroots.

MainReasonsfortheLackofStabilityandAccuracy

1.Theevaluationofthedeterminantofthe(m+n)×(m+n)

matrixisnumericallydifficultandleadstoinaccurateinput
valuesfortheinterpolationroutine.

2.ItiswellknownthattheVandermondeSystemcanbequite
ill-conditioned.



Improvements

ReducingtheSizeoftheSylvesterMatrix

a5b3

a4a5b2b3

a3a4a5b1b2b3

a2a3a4b0b1b2b3

a1a2a3b0b1b2b3

a0a1a2b0b1b2

a0a1b0b1

a0b0

=

A1B1

∈∈

R
n×n

R
n×m

A2B2

∈∈

R
m×n

R
m×m



DecompositionofSbytheSchurComplementTheorem

S=




IO

A2A
−1
1I



·




A1B1

0B2−A2A
−1
1B1



,

whereB2−A2A
−1
1B1istheSchurComplementofA1inS.

Iffk,0≤k≤N,isnormalized,thedeterminantofSksimplifiesto

det(Sk)=det(A1)det(B2−A2A
−1
1B1)

=det(B2−A2A
−1
1B1)

Remark:B2−A2A
−1
1B1isofsizem×m.



ReducingtheDegreeoftheResultantPolynomial

Conjecture:

Letfandgbeoursystemofpolynomialequations,i.e.

f(λ,µ)=λ
2
c

T
adj(Cλ,µ)A

−1
adj(Cλ,µ)c+a0det(Cλ,µ)

2
=0,

g(λ,µ)=µ
2
c

T
adj(Cλ,µ)B

−1
adj(Cλ,µ)c+b0det(Cλ,µ)

2
=0,

andthesystemhbedefinedasfollows:

h(λ,µ):=(h1,h2,h3)
T

=C
−1
λ,µc=0.

ThentherootsofthepolynomialRes(hi,hj),1≤i<j≤3,
defineapolynomialpijofdegree12thatdivideRes(f,g).

Consequence:•SufficienttosolveRes(f,g)/pijofdegree24.
•Divisioncanbedonesamplepointwise.



SomeIdeastoConsider

•SmoothinginsteadofInterpolating
ComputethebestfitpolynomialofdegreeNthroughalarger
setofsamplepoints.

•ImplicitinsteadofExplicitRepresentation

–Therearerootfindingalgorithmsthatonlyevaluatethe
polynomial(anditsderivative)atagivenvalue:Secant-,
RegulaFalsi-,orNEWTON’sMethod.

–Therearenumericallymoreaccuratetechniquesto
accomplishthistaskwhenthepolynomialisgivenimplicitly
byitssetofsamplepoints:LAGRANGE-orBERNSTEIN-
RepresentationandNEVILLE’sevaluationscheme
[Teukolskyetal.94].



OpenQuestions

•Arethepolynomialsofthesystemh=0alsocommonfactors
ofthesystemf=g=0.
Ifyes,isitpossibletofindtherespectivefactorization?
IsthereasymbolicmultivariateGCDalgorithmand
implementation?

•Howcanwefindgoodchoicesforthesetofsamplepoints?
Canwemakeuseofthegeometricinterpretation?



EigenvaluesoftheGeneralizedCompanionMatrix

Given:Asystemofbivariatepolynomialequations

f(x,y)=
∑m

i=0ai(y)x
i

=0,am6=0

g(x,y)=
∑n

j=0bj(y)x
j

=0,bn6=0

withpositivedegreesinxandy.
Proposition:

Letf,g∈C[x,y]bepolynomialsofpositvedegreesmand
ninxLetȳ∈C.Thenf(x,ȳ)andg(x,ȳ)haveacommon
factorifandonlyiftherearepolynomialsα,β∈C[x]s.t.

(i)α,βarenotboththezeropolynomial.

(ii)αhasdegreeatmostn−1andβatmostm−1.

(iii)αf(x,ȳ)+βg(x,ȳ)≡0.



Observation:Thereexistξ,v∈C
m+n

s.t.αf+βg=ξ
T
S(f,g,x)v
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︸︷︷︸︸︷︷︸
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Conclusion:

They-coordinateofallcommonrootsoffandgareexactlythe
valuesforwhich

ξ
T
S(f,g,x)v≡0,v6=0⇐⇒S(f,g,x)v=0,v6=0

WritingS(f,g,x)asthematrixpolynomial

S(f,g,x)=
d∑

i=0

Siy
i
,

whereSi,0≤i≤d,isthematrixconsistingofallcoefficientsof
degreeiinyandd:=max{degy(f),degy(g)},weget

d∑

i=0

Siy
i
v=0,v6=0.



Linearization

Tolinearizethesystemweusethesubstitution

ui:=y
i
v,0≤i≤d−1

andtransformtheconditiontoisolateSd:

d∑

i=0

Siy
i
v=0v6=0

⇔

d∑

i=0

(−Si)y
i
v=ySdy

d−1
v,v6=0

⇔
d−1 ∑

i=0

(−Si)ui=ySdud−1



Case1:Sdisnon-singular

MultiplyingbyS
−1
dgivesaSimpleEigenvalueProblem:

d−1 ∑

i=0

(−S̃i)ui=yud−1withS̃i=S
−1
dSi,0≤i≤d−1.

⇔













0I0···0

00I···0

..

.
..
.

..

.
.....

.

000···I

−S̃0−S̃1−S̃2···−S̃d−1













·













u0

u1

..

.

ud−1













=y·













u0

u1

..

.

ud−1













⇔Mu=yu

⇔(M−yI)u=0



Case2:Sdissingular

SinceSdissingularwegetaGeneralizedEigenvalueProblem:

d−1 ∑

i=0

(−Si)ui=ySdud−1⇔













0I0···0

00I···0

..

.
..
.

..

.
.....

.

000···I

−S0−S1−S2···−Sd−1













·u=y·













I00···0

0I0···0

..

.
..
.

.....
.

00···I0

00···0Sd













u

⇔M1u=yM2u

⇔(M1−yM2)u=0



OpenQuestions

•InourapplicationSdissingular.IfwecanshowthatS0isnon-
singularweonlyhavetosolvetheSimpleEigenvalueProblem.
ThenwecouldconsiderS̄(f,g,x)=

∑d
i=0Sd−iy

i
thatleadsto

thereciprocalrootsofS(f,g,x).

•HowcanwemakeuseofthesparsityofthematrixM?
PotentialSolutions:

1.PowerIterationMethodswhichonlyperformmatrix-vector
multiplications[Wilkinson65].
Problem:Eliminationofcomputedeigenvalues.
-DomainDecompositionandPruning[Manocha94].
-Deflation[Saad91].

2.ReviewofQR-Methods[Teukolskyetal94].


